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Surface-to-surface contact interfaces significantly affect structural behaviour.
Therefore, accurate modelling of the stiffness and damping characteristics of such
interfaces is crucial for dynamic response analysis of assembled structures. Due to
the development of nonlinear interactions, such as slip and slap mechanisms,
modelling and analysis of the contact interfaces is a challenging task. The nonlinear
effects of the slip and slap mechanisms need to be considered in interface models
particularly when the amplitude of the structural response is high. This article
considers finite element (FE) modelling of a compound structure containing
a surface-to-surface contact interface, i.e. a bolted lap-joint. The joint, modelled
using thin-layer element theory, experiences micro-slips/slaps under extreme
loading conditions of the structure and to take into account these behaviours,
the thin-layer element is assumed to behave in a nonlinear manner. In order to
identify the nonlinear uncertainties in the joint interface, the real structure is
subjected to vibrational testing, and its dynamical behaviour at different loading
levels is extracted. The parameters of interfacial elements are tuned in such a way
that the resultant FE model predicts the experimental results with a high accuracy.

Keywords: nonlinear contact interface; thin-layer element; parameter
identification

1. Introduction

Built-up structures are usually assembled using different types of joints and fasteners.
Among these joints and fasteners are the bolted lap-joints. Bolted lap-joints, having
surface-to-surface contact interfaces, impose nonlinearity in the dynamic response of the
structures due to the nonlinear mechanisms developing at their interface area.
Constructing accurate numerical representations of compound structures’ dynamics
demands precise models for contact interfaces. Such precise models can be achieved using
experimental results. A group of elements usually used for modelling surface-to-surface
contact interfaces are interface elements.

Interface elements have been found suitable for modelling contact interfaces since the
idea was first pioneered by Goodman et al. [1] at 1968. There are two types of interface
elements known as zero-thickness interface elements and thin-layer interface elements. The
thickness of the contact interface is assumed zero in zero-thickness interface elements [2].
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Then, a constitutive law which usually consists of constant values for both the shear

stiffness and the normal stiffness is defined for the element. In thin-layer interface

elements, the behaviour of the contact interface is assumed to be controlled by a narrow

band or zone adjacent to the interface with different properties from those of the

surrounding materials [3,4]. The thin-layer element is treated as any other element of the

finite element (FE) mesh and a special constitutive relation is assigned to it.
Interface elements first originated in geo-mechanics for modelling rock–rock contact

problems. Since then, there have been many papers published on their applications; see,

for example, Desai et al. [3], Sharma and Desai [5] and Pande and Sharma [6]. Thin-layer

elements were also applied in structural model updating by Ahmadian et al. [7–9]. They

showed that the thin-layer elements with a linear elastic constitutive relation can be used in

model updating of contact stiffness coefficients using experimental data. Bograd et al. [10]

used the thin-layer element concept for joint damping prediction. Mayer and Gaul [11]

proposed a nonlinear thin-layer element and showed its capability in modelling the contact

interface of bolted joints.
In this article, a 2D nonlinear thin-layer element is proposed which can be used for

modelling the contact interface of a bolted lap-joint in an assembled structure. It is

assumed that the behaviour of the thin-layer element in normal and tangential directions is

independent. Using this assumption, the formulation of stiffness matrix is derived.

A nonlinear thin-layer element is then presented by assuming that the parameters of the

obtained thin-layer element are dependent upon the structural response. An experimental

case study is considered and the linear parameters of the thin-layer element and their

dependence on the response amplitude level are identified using experimental results.

2. Thin-layer element formulation

Figure 1 shows an assembly composed of two substructures connected through a contact

interface. The contact interface, being provided by means of a compressive force P,

transmits the forces between substructures. The compressive force P and the amplitude of

the external applied forces are key factors in developing the mechanisms transmitting the

forces at the contact interface. At high compressive forces or low excitation amplitudes,

these mechanisms are linear. When the compressive force is decreased or the amplitude of

the applied force is increased, nonlinear mechanisms contribute in transmitting the forces

at the contact interface.

Beam elements
Thin layer element

P

P

Contact interface

θ

Figure 1. The structure including a contact interface and its corresponding FE model.
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During modelling of the structures such as the one shown in Figure 1, we always
encounter difficulties and complexities in describing the contact interface in mathematical
representations, especially when the structural behaviour is nonlinear. In these conditions,
operators governing the dynamics of the contact interface are hard to clarify [12]. In other
words, when modelling of the structure shown in Figure 1 is considered, two substructures
can be modelled easily using beam elements from FE theory (Figure 1). But modelling
the interface area precisely is a challenging task. In fact, finding a suitable element
(or operator) for modelling the contact interface needs more efforts compared to
modelling the beam sections of the structure. In this article, a nonlinear thin-layer element
is considered to represent the dynamics of the contact interface. Although this article
considers modelling the contact interfaces in beam structures, the idea is general and can
be easily extended to other cases.

A schematic of an assembly consisting of two beam substructures is shown in Figure 1.
The beam sections of the structure are modelled using 2D Euler–Bernoulli beam elements
[13], each having three degrees-of-freedom (DOF) per node. The DOF of the beam
elements are considered as di¼ [ui, vi, �i]

T; where ui and vi are, respectively, the
displacements in longitudinal and lateral directions and �i is the rotation about the axis
perpendicular to the element plane. A 2D thin-layer element is used for modelling the joint
interface. Figure 1 also shows a schematic of the FE model of the structure.

For consistency’s sake, the thin-layer element used for modelling the contact interface
is assumed to have the same DOF per node as the beam elements do. Figure 2 shows a
typical 2D thin-layer element. The elements’ dimensions are considered as: l (length), h
(height) and t (thickness).

The beam elements are located on the neutral axis of the beam sections of the structure.
Therefore the height, i.e. h, of the thin-layer element is obtained equal to the thickness of
the beam sections. The thickness of the thin-layer element, i.e. t, is considered equal to the
width of the beam sections. In order to calculate the stiffness matrix of the element shown
in Figure 2, which is a 2D plane element, a constitutive relation needs to be defined.
Equation (1) shows the assumed constitutive relation for this element [3–5].

�y
�xy

� �
¼

E 0 0
0 G 0

� �
"y
�xy

� �
, or fpg ¼ ½D 0�feg, ð1Þ

where "y ¼
@v
@y and �xy ¼

1
2

@u
@yþ

@v
@x

� �
.

In Equation (1), E0 and G0 correspond to the normal and shear stiffness coefficients of
the contact interface, respectively. Since the movement in the normal/tangential direction
does not invoke any contraction in tangential/normal direction, the normal contact
behaviour is decoupled from the shear contact behaviour. Therefore, in Equation (1), the
off-diagonal terms are equated to zero. In the theory of thin-layer element proposed by
Desai et al. [3], it is assumed that the contact interface has stiffness in normal (i.e. y) and
shear (i.e. xy) directions; the stiffness in the x direction is considered negligible.

Figure 2. The 2D thin-layer element.
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Having the stress–strain constitutive relation known in Equation (1), one may obtain

the stiffness matrix of the thin-layer element as

½K 0� ¼ t

Z h

0

Z l

0

½B Q �T½D 0�½B Q �dxdy, ð2Þ

where [B] and [Q] are matrices mapping the strain vector to the displacement and the

rotation fields of the element, respectively. The displacement and the rotation fields are

related to the element nodal DOF vector through the shape functions. For more details

about the shape functions and matrices [B] and [Q] for the element shown in Figure 2, see

[14]. The normal and shear stiffness coefficients of the contact interface, i.e., E0 and G0, can

be identified using experimental results. This issue will be covered in detail in the following

sections. Equation (2) offers the stiffness matrix of a linear thin-layer element. In the

following paragraphs a nonlinear thin-layer element useful for modelling nonlinear

contact interfaces is presented.
Under low excitation amplitudes – and provided that the pre-load P (Figure 1) is high

enough to prevent nonlinear interactions – the behaviour of the contact interface is linear.

In such circumstances, the parameters of the above introduced thin-layer element are

constant. Identification of the linear/constant interface models/parameters has been the

subject of many papers in the past [9,15,16]. Nonlinear mechanisms develop at the contact

interface when excitation amplitude is high enough to initiate them. Accurate modelling of

the nonlinear interface needs precise nonlinear models. These models can be obtained

using experimental observations. Previous experimental investigations show that the

interface behaviour is dependent upon the amplitude of the structural response [12,17,18].

This indicates the presence of nonlinearity in the contact interface. The effects of this

nonlinearity can be taking into account by employing nonlinear interface models in

mathematical representations of the structure. A set of nonlinear interface elements can be

obtained by employing nonlinear stress–strain constitutive relations in Equation (1). For

example, Mayer and Gaul [11] used a piecewise linear elastic penalty law for modelling

normal behaviour and a Masing-element for modelling tangential behaviour of the contact

interface and obtained a nonlinear thin-layer element. Equation (3) shows the constitutive

law they used for normal contact

py ¼ ��y ¼

0, for Dv4 g0,
c1ð g0 � DvÞ, for g0 � Dv4 0,
c1g0 � c2Dv, for 0 � Dv4 �g0,
ðc1 þ c2Þ g0 � c3ðDvþ g0Þ, for Dv � �g0,

c3 5 c2 5 c1 5 0,

8>>>><
>>>>:

ð3Þ

where Dv is the relative normal distance (gap) between the two bodies, and g0 is a reference

gap distance at which a contact pressure py starts to be transmitted between the bodies.
Stress–strain relationships like the one shown in Equation (3) are more suitable when

modelling and analysis of the contact interfaces in time domain are considered. In

frequency domain analysis, a different strategy as described following may be adopted.
Assuming that a general nonlinear function as in Equation (4) governs the stress–strain

relationship

�ðtÞ ¼ f "ðtÞ, _"ðtÞð Þ: ð4Þ
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Also considering that the excitation force is mono-harmonic, the structural response
and consequently the strain can be assumed mono-harmonic too, i.e. "(t)¼Y" sin(!tþ �).
Using the describing function concept [19], a linearized stress–strain relationship can be
obtained as

�ðtÞ ffi ErðY",!Þ þ jEiðY",!Þð Þ"ðtÞ ¼ EeqðY",!Þ"ðtÞ, ð5Þ

where

EeqðY",!Þ ¼
1

�Y"

Z 2�

0

f Y" sinð�Þ,!Y" cosð�Þð Þ sinð�Þ þ j cosð�Þð Þd�, � ¼ !tþ �: ð6Þ

Equation (5) shows that in the case of analysis in the frequency domain a displacement
dependent stress–strain relationship can be used in Equation (1). Following the above
discussion, a nonlinear thin-layer element is proposed in this article for modelling
nonlinear contact interfaces by considering that the parameters of the thin-layer element
introduced in Equation (1) are the functions of structural response amplitude level. In
general, if K 0 is a nonlinear interface parameter, it is considered to be of the following
form:

K 0 ¼ K 00 þ gðXÞ, ð7Þ

where K 00 is the linear interface parameter and X is the structural response amplitude level
to harmonic excitation force. X is a measurable quantity and has a direct relationship to
the dynamic strain amplitude in the contact interface (Y" in Equation (5)). In the following
applications, ! – the excitation frequency – changes in a small interval, usually in a 1.5Hz
frequency interval, therefore the dependence of the interface parameters to ! is negligible;
hence, it was omitted from Equation (7).

g(X) is a nonlinear complex function where its real and imaginary parts, respectively,
models the stiffness and damping nonlinearity at the contact interface. In the case of
modelling of the stiffness, g(X) is a negative-valued function ensuring that the stiffness
characteristic of the contact interface decreases as response amplitude level is increased –
the well-known softening-effect phenomena. While in the case of modelling the damping
characteristics, g(X) is a positive-valued, monotonically increasing function indicating that
the damping characteristic of the contact interface increases as response amplitude level is
increased – i.e. contact interfaces such as joints have shown to experience hardening
damping characteristics [12,18].

It is worth mentioning that the stress–strain relationship used in this article for
modelling the nonlinear behaviour of the contact interface, i.e. Equation (5), is considered
to be a function of response amplitude level. This means that a hyperelastic material model
is used for representing the behaviour of the contact interface. Hyperelasticity is a
collective term for a family of models that have a strain energy density that depends only
upon the currently applied deformation state (and not on the history of deformation). This
class of material models is characterized by a nonlinear elastic response and does not
capture yielding [20].

The linear stiffness parameters of the contact interface are identified in this article by
using linear natural frequencies and adopting an eigenvalue sensitivity approach. The
parameters of the nonlinear function g(X) are then estimated using experimental nonlinear
frequency response functions (FRFs) and employing an FRF-based sensitivity approach.
In the following section, an experimental case study is described.
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3. Experimental case study

The experimental bolted joint coupling two identical steel beams is shown in Figure 3. The
beam has the following parameters: L¼ 420mm (overall length), b¼ 25.4mm (width) and
h¼ 6.36mm (thickness). The fixed-free boundary condition is chosen which makes

excitation of nonlinear mechanisms at the contact interface easier. The structure is excited
using a concentrated external force applied by means of an electromagnetic shaker
through a stinger at position x¼ 50mm. The excitation point is chosen to be close to the

fixed end of the structure in order to minimize any unwanted nonlinearities arising in the
magnetic field of the shaker. A force transducer is used between shaker and structure in
order to measure the applied force. The structural response is measured by means of two
accelerometers in positions x¼ 300mm and x¼ 420mm. The force cell placed under the

bolt head makes measurement of the bolt pre-load possible.
The experiments are completed for two different bolt pre-loads, i.e. 120 and 540N.

At each pre-load, three different excitation levels are used, F¼ 1.5, F¼ 3.0 and F¼ 6N.
First, the structure is excited using a low-level random excitation signal and linear FRFs

are measured. The experimental FRFs are shown in Figure 4 and corresponding natural
frequencies are tabulated in Table 1. The linear natural frequencies are used in the
following section and a linear FE model of the structure is constructed.

In the second stage of experiments, the structure is excited using a harmonic force and
the excitation frequency is varied slowly in a band of 1.5Hz around the first natural

frequency. The excitation amplitude is maintained at a constant level for all excitation
frequencies and the steady-state response of the structure and its corresponding force
signal are recorded. The nonlinear FRFs are constructed using the measured response and

excitation signals. The FRFs are shown in Figure 5 and correspond to the accelerometer
closest to the tip of the beam.

Figure 3. Test structure with an interface area of 50� 25.4mm2, structure geometrical dimensions
and the location of applied force and measurements.
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Shifting of the resonant points to lower frequencies and decreasing of the peak
amplitudes when excitation force amplitude is increased indicate the presence of
nonlinearity in contact interface. Also, the jump phenomenon which is a sign of
nonlinearity is evident from the FRFs shown in Figure 5. By jump phenomena it means
the sudden increase in response amplitude due to a small increase in excitation frequency.
The following section considers identification of the thin-layer element parameters using
experimental results presented in this section.

4. Identification of thin-layer element linear parameters

4.1. FE modelling

The FE model of the structure shown in Figure 3 is constructed using 41 2D Euler–
Bernoulli beam elements [13] for modelling two beam sections and three 2D thin-layer
elements for modelling the contact interface. The material properties of the beam sections

10
−4

10
0

10
4

100 200 300 400 500 600 700 800 900 1000

10
−4

10
0

10
4

Frequency (Hz)

In
er

ta
nc

e 
(lo

g.
 m

ag
.)

Figure 4. Linear FRFs: pre-loads of 120N (#) and 540N (�).

Table 1. Experimental and updated natural frequencies at different pre-loads.

Pre-load: 120N E 00¼ 3.9� 108Nm�2, G 00¼ 7.6� 107Nm�2

!1 (Hz) !2 (Hz) �3 (Hz) !4 (Hz)

Experimental 26.50 157.60 471.80 895.00
Updated 26.53 157.82 477.24 891.69
Error (%) �0.11 �0.14 �0.15 0.36

Pre-load: 540N E 00¼ 5.9� 108Nm�2, G 00¼ 7.4� 107Nm�2

Experimental 26.60 159.20 472.50 904.00
Updated 26.54 159.15 477.59 900.23
Error (%) 0.18 0.02 �1.07 0.41
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are: �¼ 7880 kgm�3 and E¼ 198GPa. The parameters of three thin-layer elements are
assumed to be the same. The stiffness effect of the bolt and also mass effects of the bolt,
force cell, force transducer and accelerometers are also included in the FE model. The FE
model is updated and the linear parameters of the thin-layer element are identified using
linear natural frequencies.

4.2. Identification of linear thin-layer element parameters

First, formulation of the linear thin-layer element (Equation (1)) is used and an FE model
for linear behaviour of the structure is constructed. A schematic of the FE mesh is shown
in Figure 6. The linear parameters of the stiffness matrix of the thin-layer elements, i.e. E 00
and G 00, are identified at different pre-loads using linear natural frequencies presented in
Table 1. For this end, an objective function of the form

P
Wi(!

2
ie � !

2
ia) is minimized using

25.6 25.8 26 26.2 26.4 26.6 26.8 27 27.2
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Figure 5. Nonlinear FRFs at different excitation levels: F¼ 1.5N (�), F¼ 3N (H) and F¼ 6N (^);
pre-loads of 540N (right) and 120N (left).

F(t)

h=6.36 mm

Figure 6. FE mesh and the mode shapes of the updated FE model.
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the eigensensitivity updating approach and adjusting the linear parameters of the stiffness
matrix; !ie and !ia are, respectively, the experimental and numerical natural frequencies
and Wi is a weighting factor. The initial values for linear parameters, for example at pre-
load of 120N, are selected as E 00�i¼ 3� 109Nm�2 and G00�i¼ 5.2� 106Nm�2. After
performing minimization, these parameters are updated to E 00�u¼ 3.9� 108Nm�2 and
G00�u¼ 7.6� 107Nm�2. Table 1 shows the experimental and updated natural frequencies
and their differences. Also, the updated linear parameters of the contact interface at
different pre-loads are presented in Table 1.

Results shown in Table 1 indicate that the linear thin-layer element is capable of
modelling the joint interface with an acceptable accuracy. In Figure 6, the mode shapes of
the updated FE model at pre-load of 540N are presented.

The mode shapes shown in Figure 6 are consistent with the experimental mode shapes
of the structure, which are more or less similar to the mode shapes of a clamped beam.
Also from Figure 6, it is obvious that the contact elements undergo shear and normal
deformations, especially in modes 1, 2 and 4. Shear and normal deformations, respectively,
resemble micro-slip and micro-slap mechanism at the contact interface. In the previous
section, the experimental results for high excitation amplitudes – i.e. higher than those
used in measuring the linear FRFs – are presented. At high excitation amplitudes the
above-mentioned nonlinear mechanisms develop at the contact interface. In the following,
identification of the nonlinear parameters of these mechanisms is considered.

5. Identification of thin-layer element nonlinear parameters

5.1. Nonlinear thin-layer element formulation

The nonlinear formulation of the thin-layer element is used and a nonlinear FE model of
the structure is constructed. As stated in Equation (7), in nonlinear thin-layer elements, the
interface parameters are functions of response amplitude level. A sensitivity analysis shows
that the nonlinear response of the structure near its first resonant frequency is mostly
dominated by the stiffness of the contact interface in normal direction and the damping of
the contact interface in tangential direction. Therefore, in order to find a joint model
capable of representing the nonlinear dynamics of the contact interface, the parameters of
the nonlinear thin-layer element are assumed to have the following forms:

E 0ðXÞ ¼ E 00 � g1ðXÞ, ð8Þ

G 0ðXÞ ¼ G 00 þ jg2ðXÞ, ð9Þ

where X is the measured response amplitude level of the structure at different excitation
frequencies. E 00 and G 00 are the linear parameters of the linear thin-layer element identified
in the previous section using linear natural frequencies (Table 1). g1(X) and g2(X) are
nonlinear functions representing the nonlinearity in stiffness and damping characteristics
of the contact interface. A polynomial form as the following one is considered for these
functions:

giðXÞ ¼ �i1 þ �i2Xþ �i3X
2 þ 	 	 	 , i ¼ 1, 2: ð10Þ

�ij will be identified later in this section using experimental frequency response curves
shown in Figure 7. By substituting Equations (8)–(10) into Equation (1), the stiffness
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matrix for the nonlinear thin-layer elements is obtained, which is composed of linear and
nonlinear parts as described as

K 0 ¼ K0LðE
0
0,G

0
0Þ þ K0NL�rðXÞ þ jK0NL�iðXÞ

� 	
: ð11Þ

Having the stiffness matrix of the thin-layer elements known in Equation (11) and by
using the mass and stiffness matrices of the Euler–Bernoulli beam elements [13] for
modelling beam sections, an FE model is constructed for predicting the dynamic
properties of the structure. The equation of motion of the FE model is shown as

½M�f €xg þ ½K� þ ½KNL�r� þ j ½KNL�i�ð Þfxg ¼ f f g, ð12Þ

where real and imaginary parts of [KNL] contain unknown parameters �ij which need to be
identified. A frequency response sensitivity-based identification approach is used for
identification of these parameters.

5.2. FRF sensitivity method and parameter regularization

The nonlinear stiffness matrix in Equation (12) depends upon the structural response
amplitude X. In the case of exciting the structure using sinusoidal forces, similar to what
was described in experimental section, the structural response in steady-state condition has
constant amplitude and hence X is constant. Therefore, the global stiffness matrix is
constant in a specific excitation frequency. Under these circumstances, one may obtain the
frequency response matrix by assuming a harmonic response for the structure and
substituting it into Equation (12). This finally results in

Hð!kÞ½ � ¼ ðKþ KNL�r þ jKNL�iÞ � !
2
kM

� 	�1
: ð13Þ

The sensitivity of frequency response matrix, [H(!k)], with respect to an updating
parameter, ’, can be obtained as [21]

@ Hð!kÞ½ �

@’
¼ � Hð!kÞ½ �

@ Zð!kÞ½ �

@’
Hð!kÞ½ �, where Zð!kÞ½ � ¼ Hð!kÞ½ �

�1: ð14Þ

25.6 25.8 26 26.2 26.4 26.6 26.8 27 27.2 27.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4(a) (b)x 10
–3

Frequency (Hz)

R
ec

ep
ta

nc
e 

(m
–1

N
)

0 0.5 1 1.5

x 10
−3

0

1

2

3

4

x 10
8

X (m)

g 1(X
) 

(N
m

–2
)

0 0.5 1 1.5

x 10
−3

0

2

4

6
x 10

8

X (m)

g 2(X
) 

(N
m

–2
)

Figure 7. Experimental (lines) and predicted (marks) FRFs (left), updated functions g1(X) and g2(X)
(right); at pre-loads of 120N (#) and 540N (�).
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By substituting Equation (13) into Equation (14) and assuming that response and

excitation coordinates are nodes i and j, respectively, the sensitivity of Hij(!k) with respect

to ’ can be expressed as

@Hijð!kÞ

@’
¼ � Ha

i ð!kÞ

 �T@Zð!kÞ

@’
Ha

j ð!kÞ

n o
, ð15Þ

where {Ha
i (!)}

T and {Ha
j (!)} are ith row and jth column vectors of analytical frequency

response matrix. In this article, logarithmic frequency response sensitivity (in dB scale) is

used [22].

@ 20 log10 Hijð!kÞ
�� ��� 	
@’

¼
20

loge 10

< Hijð!kÞ
� 	 @<ðHijð!kÞÞ

@’ þ = Hijð!kÞ
� 	 @= Hijð!kÞð Þ

@’

< Hijð!kÞ
� 	2

þ= Hijð!kÞ
� 	2

0
@

1
A: ð16Þ

By using Equation (16) in every excitation frequency, the updating problem can be

simplified in a matrix form as [S]{D’}¼ {"}. Here, [S] is the sensitivity matrix, {D’} is the
updating parameter vector and {"} is the output residual vector composing the differences

between experimental and numerical frequency responses. For the problem considered in

this article, {D’} is [D�11,D�12,D�13, . . . ,D�21,D�22,D�23, . . .]T. Note that updating

requires an iterative process due to the first-order approximation of sensitivity with

respect to an updating parameter. A problem encountered in the FRF model updating is

ill-conditioning of the sensitivity matrix [S]. Ill-conditioned sensitivity matrices may lead to

numerical instability in the solution process. Also, in ill-posed problems the existence and

uniqueness of a solution is not assured [23,24]. In this article, a Tikhonov regularization

technique is used [25] in order to overcome the ill-conditioning of the sensitivity matrix. In

the Tikhonov regularization technique, the updating problem [S]{D’}¼ {"} at kth

iteration is redefined as minimization of the following objective function:

JD’ ¼ ½S�fD’g � f"g


 

2

2
þ 	2 fD’g



 

2
2
, ð17Þ

where 	 is the regularization parameter. Two methods, i.e. the L-curve method and

generalized cross-validation, have been proposed for selection of the regularization

parameter in the Tikhonov regularization technique [26]. In this article, the method

described in [27] which is based on the L-curve method is used in updating iterations for

finding 	.
In the following sections, the results obtained using the FRFs shown in Figure 5, in

Equation (16) and the identified parameters are presented.

5.3. Nonlinear thin-layer element identification results

First, identification of the nonlinear interface parameters in excitation amplitude of 1.5N

is considered. Linear functions are considered for g1(X) and g2(X) at two different pre-

loads, i.e., 120 and 540N. By following the above-described identification procedure, the

parameters of functions g1(X) and g2(X) are updated iteratively until convergence is

achieved. In Figure 7, the experimental FRFs are compared with the FRFs obtained using

the updated thin-layer element. On the right-hand side of Figure 7, updated g1(X) and

g2(X) are depicted as functions of the measured response amplitude level.
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Figure 10. Experimental (lines) and predicted (marks) FRFs (left), updated functions g1(X) and
g2(X) (right); pre-loads of 120N (#) and 540N (�).

25.6 25.8 26 26.2 26.4 26.6 26.8 27 27.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10(a) (b)

–3

Frequency (Hz)

R
ec

ep
ta

nc
e

(m
–1

N
)

0 0.5 1 1.5 2 2.5 3

x 10
−3

1

2

3

4

5
x 10

8

X (m)

0 0.5 1 1.5 2 2.5 3

x 10
−3

−5

0

5

10

15
x 10

8

X (m)

g 1(X
) 

(N
m

–2
)

g 2(X
) 

(N
m

–2
)

Figure 9. Experimental (lines) and predicted (marks) FRFs (left), updated functions g1(X) and g2(X)
(right); pre-loads of 120N (#) and 540N (�).
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Figure 8. Changes in objective function (left) and updating parameters (right) at a pre-load of 120N.
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The changes in objective function and updating parameters are shown in Figure 8 and
correspond to the pre-load of 120N. This figure shows that after 23 iterations, the
objective function converges to the measured target values. Within these optimization
iterations, the reduction of objective function is about 72% and updating parameters
experience changes between 22% (�21) and 122% (�11).

Next, identification of the nonlinear thin-layer element parameters at an excitation
amplitude of 3N is considered. In this excitation amplitude, linear functions are
considered for g1(X) and g2(X) at pre-load of 540N. For pre-load of 120N, g1(X) is found
to be quadratic but again a linear function is obtained for g2(X). In Figure 9, experimental
and predicted FRFs are shown. This figure also shows g1(X) and g2(X).

Finally, the measured nonlinear FRFs at an excitation amplitude of 6N are used and
the parameters of nonlinear thin-layer element are identified. At this excitation amplitude,
quadratic functions are considered for g1(X) and g2(X) at two pre-loads, i.e. 120 and 540N.
Figure 10 shows the experimental and predicted FRFs.

The results shown in Figures 8–10 indicate that by increasing the excitation amplitude
or decreasing the pre-load the order of the polynomials representing the nonlinearity in
stiffness and damping characteristics of nonlinear thin-layer element increases. Also,
comparison of the experimental FRFs and the FRFs obtained by updated models shows
that the nonlinear thin-layer element is capable of representing the nonlinear mechanisms
at the contact interface with an acceptable accuracy.

6. Conclusions

In this article, a nonlinear thin-layer element was introduced for modelling contact
interfaces. The formulation of the stiffness matrix was derived and in order to take into
account the nonlinear mechanisms developing at contact interface, its parameters were
considered to be dependent upon the amplitude of the structural response. Experiments
were conducted on a structure in two stages and its linear and nonlinear modal
characteristics were measured. Using the linear experimental natural frequencies and by
adopting an eigensensitivity approach, linear parameters of the thin-layer element were
updated. The nonlinear parameters of contact interface were identified using nonlinear
FRFs and by employing an FRF-based sensitivity approach. The results obtained from
the identified model showed that the introduced contact interface model was able to
simulate the experimental results with an acceptable accuracy.
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