[

32. By hand calculation, find the natural cubic spline interpolant for this table:

33. Find a cubic spline over knots —1,0, and 1 such that the following conditions
are satisfied: §"(—1) = §(1) = 0, S(—=1) = S(1) = 0,and §(0) = 1.

34. This problem and the next two lead to a more efficient algorithm for natural cubic
spline interpolation in the case of equally spaced knots. Let #; = h in Equation
(5), and replace the parameters z; by g; = h%z; /6. Show that the new form of
Equation (5) is then

—\? i s T
Si(x)=q;'+1(x—5i) +fh(h—+lh—x) +(}’.'+|—4’i+1)( W )

+ (i — q) (’“T—x)
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35. (Continuation) Establish the new continuity conditions:
qi-1 +49i + Givr = Yir1r — 2y + yimy (1=i=n-1)
qgo=¢gn=10

36. (Continuation) Show that the parameters ¢; can be determined by backward
recursion as follows:

4 =0  gn-1 = Bn qi = oigi+1 + B; (i=n—2n-3,...,1
where the coefficients a; and B; are generated by ascending recursion from the
formulas

a; =0 a; = —(aj—y +4)7! i=12,...,n

B =0 Bi = —oi(yir1 — 2yi + yim1 — Biz1) i=1,2,...,n

(This algorithm, which is stable and efficient, is due to MacLeod [1973].)
37. Prove that if 5(x) is a spline of degree k on [a, b], then $'(x) is a spline of degree
k—1.

38. How many coefficients are needed to define a piecewise quartic (fourth-degree)
function with # + 1 knots? How many conditions will be imposed if the piecewise
quartic function is to be a quartic spline? Justify your answers.

39. Determine whether this function is a natural cubic spline:

B +32+7x -5 -1
x> +3x2 +7x -5 0
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S(x) = {



5. Draw a free-form curve on graph paper, making certain that the curve is the
graph of a function. Then read values of your function at a reasonable number
of points, say 10 to 50, and compute the cubic spline function that takes those
values. Compare the freely drawn curve to the graph of the cubic spline,

6. Draw a spiral (or other curve that is not a function) and reproduce it by spline

functions as follows: Select points on the curve and label them t = 0, 1, ... N,
For each value of ¢, read off the x- and y-coordinates of the point, thus producing
a table:
0 1 o ln
X | x|x || x,
Yo X ||

Then fit x = §(#) and y = S(¢), where S and § are natural cubic spline inter-
polants. S and § give a parametric representation of the curve (see the figure).
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8. Write a program to estimate J': f(x) dx, assuming that we know the values of
[ at only certain prescribed knots a =t < t, < -+ - < t, = b. Approximate f
first by an interpolating cubic spline and then compute the integral of it using
Equation (5).

9. Write a procedure to estimate f'(x) for any x in [a, b], assuming that we know
only the values of f atknotsa =ty <, < --- < t, = b.




